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Lack of measurement independence can simulate quantum correlation even when 

signaling cannot 

Manik Banik 1 ** 
1 Physics and Applied Mathematics Unit, Indian Statistical Institute, 203 B.T. Road, Kolkata-700108, India 

In a world described by quantum mechanics, one cannot have determinism, no-signaling and free 
will all together. Under these three assumptions the set of statistical correlations are restricted to the 
set of Bell local correlations. In standard Bell scenario any non-local correlation has a deterministic 
explanation if one either sacrifices free will or allows signaling. Recently in [Phys. Rev. Lett. 108, 
200401 (2012)] F. Buscemi generalizes the standard Bell scenario into 'semi-quantum' Bell scenario. 
Interestingly, in 'semi-quantum' Bell game scenario we show existence of correlations that cannot 
be obtained by sacrificing no-signaling by any amount, whereas such correlations can be obtained 
by giving up a small degree of free will. 
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In the early days of quantum mechanics, Einstein and 
his colleagues designed a thought experiment [ : ] intended 
to reveal what they believed to be inadequacies of quan- 
tum mechanics and they have dreamt a causal world 
where no intrinsic randomness is present. More than 
three decades later Bell showed that if an experimenter 
enjoys total free will then quantum mechanics is indeed 
in contradiction with local realism. Under validation of 
three different assumptions, namely, determinism, no- 
signaling and free will, an inequality can be derived, fa- 
mously known as Bcll-CHSH inequality [2, 3], which is 
violated by quantum correlations and the experimental 
verification of quantum violation is showed in [4] . Corre- 
lations that violates Bell inequality are called non-local 
correlations and the amount of nonlocality is quantified 
by the amount of Bell inequality violation [2, 3]. In- 
terestingly, sacrificing no-signaling or experimental free 
will one can obtain any amount of bell inequality viola- 
tion [5]. Particularly, for non-local quantum correlations 
there exists various interesting simulation protocols sac- 
rificing determinism [0], sacrificing no-signaling [7, 8] as 
well as sacrificing free will [9, 10]. In [5, 11, 12], various 
interesting relations have been derived showing interrela- 
tions among the degree of weakening of various assump- 
tions to simulate a given Bell non-local correlation. 

As any Bell non-local correlation can be explained by 
giving up no-signaling assumption as well as giving up 
free will assumption in suitable amount, therefore in stan- 
dard Bell scenario one can not make an operational dis- 
tinction between strength of these two different assump- 
tions. In this letter we show that modification of stan- 
dard Bell game scenario to 'semi-quantum' Bell game sce- 
nario [ ] allows one to make such operational distinction. 
More explicitly said, we show that in 'semi-quantum' Bell 
game one can get correlations that cannot be obtained 
by local operation and classical communication even if 
there is no restriction on the amount of classical com- 
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munication; whereas such correlations can be obtained 
by sacrificing a small degree of free will. Thus 'semi- 
quantum' game provides a novel framework where one 
can make operational distinction between two very differ- 
ent assumptions, no-signaling and free will. We also ar- 
gued that like in standard Bell scenario, such operational 
distinction between no-signalling and measurement inde- 
pendence is not possible in 'quantum refereed steering 
games? scenario, introduced by Cavalcanti et.al. in [ ]. 

The standard Bell game scenario [2, ;>] involves two 
spatially separated players, say Alice and Bob. A ref- 
eree picks indices sg5 and t G T at random and sends 
them separately to Alice and Bob, respectively. The two 
players must compute answers x e X and y e y, re- 
spectively, and send them to the referee, who will then 
pay them both. First, the players are told the rules of 
the game. Knowing the rules, the players are allowed to 
agree on any strategy and to share any variable A E A. 
The distribution p(A) of the shared variable A must be 
independent of the referee's questions, say s and t; other- 
wise the free will assumption will not be satisfied. After 
starting the game the two players are forbidden to com- 
municate with each other, when each of s, t, x, y are 
binary, the canonical no-go result is represented by the 
Bell-CHSH inequality, which puts constraint that have to 
be satisfied by Bell-local correlations. Alice and Bob can 
obtain a better than classical payoff by sharing bipartite 
entangled quantum states. Though all bipartite pure en- 
tangle states give better than classical payoff [16], there 
exist mixed entangled states for which one can never ob- 
tain better than classical payoff [i 7]. In this sense non- 
locality [IS] and entanglement [19] are two distinct con- 
cepts in quantum mechanics. 

Very recently, F. Buscemi [14] generalizes the standard 
Bell non-local game into 'semi- quantum' non-local game. 
In 'semi-quantum' non-local game referee picks indices 
se5 and t G T at random and sends quantum states t s 
and w* to Alice and Bob, respectively, without reveling 
the classical indices s and t. In other word, in standard 
non-local game the referee is allowed to ask only classi- 
cal questions, but in 'semi- quantum' non-local game the 



referee is given the power to ask quantum questions. In 
this case, also, the free will assumption is applied i.e., the 
distribution p(X) of the shared variable A is independent 
of referee's quantum questions and the constraint of no 
communication between the two players must satisfies. 
An immediate consequence of Buscemi's 'semi-quantum' 
non-local game framework is that given any entangled 
state there exists a 'semi-quantum' non-local game for 
which the entangled state gives better payoff than achiev- 
able by sharing any separable state. 

In [15], Cavalcanti et. al. discuss the work of Buscemi, 
and offer a perspective on the operational significance 
of that work. They have also made a non-trivial exten- 
sion of Buscemi's work by introducing 'quantum refereed 
steering games' and showing that all steerable states ex- 
hibit correlations in 'quantum refereed steering games' 
that can not be achieved by local operation with steer- 
ing and shared randomness (LOSSR). Using Buscemi's 
'semi-quantum' game framework, Branciard et.al. in- 
troduce the concept of Measurement-Device-Independent 
Entanglement Witnesses, which allow one to demonstrate 
entanglement of all entangled quantum states with un- 
trusted measurement apparatuses [20]. In [21], Rosset 
et.al. discussed about quantum input simulation task, 
and proved the no-go result regarding simulation of these 
correlations with local operation and classical communi- 
cation (LOCC) [ ]. This surprising result is possible 
because in quantum input simulation task referee sends 
nonorthogonal quantum states to Alice and Bob, who 
can not discriminate the states even if they are allowed 
to communicate with each other. 

In this letter, we show that sacrificing free will one can 
simulation the correlations achieved in canonical quan- 
tum input simulation task. To present our work we first 
describe canonical quantum input simulation task, intro- 
duced in [21] and explained the no-go result regarding 
simulation of these correlations with LOCC. We then for- 
mulate an explicit simulation protocol for such correla- 
tions by sacrificing the free will. Thus in 'semi-quantum' 
game framework one can make an operational distinction 
between lack of free-will and signaling. We also pointed 
out that in quantum refereed steering games, introduced 
in [15], one cannot obtain such operational distinction as 
we have constructed an explicit simulation protocol for 
such games with finite communications. 

The scenario of quantum-input simulation 
task (QIST) [ ] is defined via the 5-tuple 
{qab,{t a ,},{u bi },{A a , a },{B bbi })-, where qab is 
the shared entangled state between two player Alice and 
Bob, {t|/} and {w^/} are quantum inputs of referee 
to Alice and Bob respectively, {A^, A } and {B y BB ,} are 
POVM [23] elements acting respectively on the systems 
A' A and BB' . To define canonical quantum-input 
simulation task, introduce in [ ], let us consider a 
state qab of dimension d A x d B , and Alice and Bob 



perform local measurements A x Alj 



and B BB , 



with 



maximally entangled state \4>^) = £^_ |fefc)/v«- Thus 
A\, A = |# A )«J , ^ = 1-1^X^1 (1) 

B BB , = |# B X# B I > B BB' =1" \<t>t B )(<ti B \ ( 2 ) 

The input states are chosen to have the same dimen- 
sions as the respective subsystem of A and B in q A b, 
\t s ) G C dA , |w*) € C dB , and constructed such that 
the corresponding density matrices {|t s )(t s |}, {|w*)(w'|} 
span the space of linear operators acting on C dA and 
C dB respectively. As a concrete example of canonical 
quantum-input simulation task Rosset et. al. allow Al- 
ice and Bob to share singlet states q ab — \ip~){ip~\. 
The referee chooses his quantum questions from the ver- 
tices of a regular tetrahedron on the surface of the Bloch 

sphere. Using a = (o~i, o~2, o~s) the vector of Pauli ma- 

, . , _ (i,i.i) -• (1,-1,-1) - (-1,1,-1) 

trices, and v x = -^, v 2 = L-^, v 3 = —^-, 



?> 4 



- — V ' , we denote, for x,y = 1, 2, 3, 4 : 



\r x )(r x \ 



I + iT x .a 



l«WI = ^ (3) 



The resulting correlations are then 
P| V ,- ) (0,0||r s },|u; t }) = 



| ifs=t 



otherwise 



P| V ,- ) (0,l||r s ),|u; t )) = 
P| V ,- ) (l,0||r s ),|^)) = 
P| V ,- ) (l,l||r s ),|u; t }) = 



\ ifs=t 



~ otherwise 

6 

\ ifs=t 
J otherwise 

6 

ifs=t 



j2 otherwise 



(4) 



binary outcomes x, y € {1,0}; where the outcome x or 
y = 1 corresponds to the successful projection onto the 



Rosset et. al. then pointed out that, if instead of sin- 
glet state Alice and Bob are given pre-shared variable A 
(of course the distribution of the variable A is indepen- 
dent of referee's quantum question) and are allowed to 
communicate to each other, still they cannot reproduce 
the desired correlation (4). Rosset et. aZ.then extended 
this no-go result in the sense that any entangled state 
can generate correlations in a QIST that cannot be sim- 
ulated by local operation assisted by classical communi- 
cation, even if there is no limitation on classical com- 
munication (Corollary of the Theorem 1 in [21]). Thus 
in this generalized 'semi-quantum' scenario relaxation of 
no-signaling assumption has no use to simulate the cor- 
relation achieved from entangled states.. They actually 
got such a powerful no-go result as LOCC between Alice 
and Bob do no help in unambiguous discrimination of the 
nonorthogonal (and moreover linearly dependent) states 
sent to them by the referee. Interestingly, we will show 



that if Alice and Bob are allowed to share classical vari- 
able whose distribution depends on the quantum input 
of the referee then the correlation (4) can be reproduced 
even if Alice and Bob are not allowed to communicate 
and of course they don't need to discriminate the quan- 
tum states sent to them. 

Let Alice and Bob share hidden variable A, taking 4 
distinct values A = Ai,A2,A3,A4 G A. These variables 
are distributed according to one of two probability dis- 
tributions p_sa(\) and p_ D i(x) ■ 
for s = t 

{PSa(x)} = {p(A|a, *)} := {1/2, 1/4, 1/4, 0} (5) 

and for s^t 

{p_ Dl{x) } = {p(X\s, t)} := {7/12, 1/6, 1/6, 1/12} (6) 

The outcomes of Alice and Bob are fully determined by 
the parameter A as 

x = f(X), y = g(X) (7) 

where, 

/(Ai) = /(A 2 ) = 0, /(A 3 ) = /(A 4 ) = 1 
ff(Ai) - g(\ 3 ) = 0, <?(A 2 ) = ,g(A 4 ) = 1 

The corresponding correlations are of the form 

p(x,y\s,t) = ^2p(x,y\x,t,X)p(X\s,t) 



A 

E 

A 



^,/(A)^,g(A)P(A|s,t) 



(8) 



where Sq.q = 5i t i = 1 and <5o.i = #i,o = 0. It is clear that 
correlation (8) is same as correlation (4). It is straight 
forward to construct a model with lack of free will for 
any two qubits entangled state by using the probabil- 
ity distribution generated from the entangled state and 
quantum questions suggested above. 

Now coming to the question of how much free will one 
has to sacrifice to reproduce correlation (4), we follow 
the quantification scheme of Hall, introduced in [ , ]. 
Measurement independence is the property that the dis- 
tribution of the underlying variable is independent of the 
measurement settings or referee's input question, i.e., 



p(X\s,t)=p(X\s',tf) 



(9) 



The degree to which measurement independence is vio- 
lated can most simply quantified by the variational dis- 
tance 



M:= sup £>(AM-p(A|s',i')l 



(10) 



AeA 



Clearly < M < 2, where two extreme values signify 
complete measurement independence and complete mea- 
surement dependence, respectively. The fraction of mea- 
surement independence or free will is defined by 



Thus, < F < 1, with F = corresponding the case 
where no experimental free will can be enjoined and F — 
1 corresponding the case with complete experimental free 
will. In [9] a local deterministic model for projective spin 
correlations for singlet state has been presented via giving 
up experimental free will (or measurement independence) 
by 14%. 

For the above reduced free will model of canonical 
quantum input simulation task for singlet we have 



M 



7 



1 



1 1, 



1 



0| 



12 2 1 '6 4' '12 
and the amount of experimental free will is given by 



F = 1 



1 
2^3 



83.3% 



The degree of measurement dependence of the model 
can also be quantified by the mutual information be- 
tween A and the labels sent by the referee, i.e., H(A : 
S,T) [5, 13]. This depends on the probability dis- 
tribution p(s,i), however for p(s,t) = 1/16 one has 
p(s,t,X) — p(X\s,t)p(s,t) — j^p(X\s,t), which yields 
p(X) — \p_sa(\) + jP-Di(X)- Mutual information is calcu- 
lated by the following formula: 



ff(A:S,T) = 5>( S ,i,A)log 2 



,t.x 



p(s,t,X) 
p(s,t)p(X) 



(12) 



F := 1 - M/2 



(11) 



For the above model it becomes H(A : S,T) — 0.03705. 
The measurement dependence capacity [ •] of a given 
model may be defined by: 

C meas dep : = SU P H ( S > r ■ A ) ( 13 ) 

p(s,t) 

which turns out to be 0.05778 bits for our model (see 

[ ])■ 

It is important to notice that distribution of the vari- 
able A depends on referee's input in such a way (Eqn.(5) 
and Eqn.(6)) that having accesses the variable A nei- 
ther Alice nor Bob can guess the classical indices of their 
quantum states. As for example, if there shared variable 
is A4, then they can conclude that there indices are not 
same i.e. s ^ t; but noway they can guess their individ- 
ual indices s and t respectively. Our model also makes 
clear that Rosset et al. 'no-go' result have been derived 
under "free will" assumption, which assumes no corre- 
lation between the referee's labels (s,t) and any other 
physical parameter A that propagates to the future (and 
hence to Alice and Bob). This is a very strong assump- 
tion, and our model shows that even a small lack of free 
will allows simulation of the correlations by non-quantum 
means without any need of communication. It is also in- 
teresting to study whether such simulation protocol with 
reduced free will exist for all 'semi-quantum' non-local 
games. Our intuition go affirmative in this case. An- 
swering the above question positively one may also be 
interested in constructing a general simulation protocol 



with lack of free will for such 'semi-quantum' non-local 
games. 

Besides non-locality quantum correlation exhibits an- 
other distinct non classical feature called steering, first 
introduced by Schrodinger [26] and recently by Wise- 
man and his collaborators [27, 28]. In [15], Cavalcanti 
et. al. have made an nontrivial extension of Buscemi's 
work. They introduces quantum refereed steering game 
and shows that all steerable states exhibit correlations 
in quantum refereed steering game that can not be sim- 
ulated by local operation with steering and shared ran- 
domness (LOSSR) maps [15] as well as by LOSR maps 
[24] . In the context of this paper it is interesting to ask 
the question whether quantum refereed steering game can 
make such operational distinction between free will and 
no-signaling. We answer this question in negative, as it 
can been shown that any correlation achieved in quantum 
refereed steering game can be simulated with the help of 
LOCC resources (see [25]). 

Experimental free will and no-signaling are two very 
popular physically motivated assumptions. Various im- 
portant no-go results in quantum foundation have been 
derived using these assumptions. While Bell's theorem 
[2] and recently proved Colebeck and Renner's result [29] 
uses both the assumption, Kochen-Specker no-go result 
[30] uses only free will assumption among these two. In 
an interesting discussion [ ] of the measurement prob- 
lem for a PR-box, J. Bub pointed out that, if Bob has 
access to a parameter or ontic state A that completely 
specifies the output values for both of his possible inputs, 
or even specifies whether these output values are the same 
or different, then either there is a violation of no-signaling 
principle or Alice's choice of input is not free but depends 
on the value of A. Actually Bub's conclusion holds for any 
standard Bell non-local correlation. Interestingly our re- 
sult shows that in 'semi-quantum' non-local game there 
exists correlation whose deterministic explanation is pos- 
sible only if free-will assumption is relaxed. Therefore in 
'semi-quantum' non-local game scenario our result sug- 
gests further study of simulation protocol with reduced 
free-will. 



I. MEASUREMENT DEPENDENCE CAPACITY 

The measurement dependence capacity [ )] of a given 
model may be defined by maximizing the mutual infor- 
mation over all possible distributions of measurement set- 
tings: 

C measdep- sup H(S,T : V) 

p(s,t) 

It is straightforward to find the maximum mutual infor- 
mation required to implement our model, over all pos- 
sible p(s,t), given that the hidden variable distribution 
depends only on whether s = t or otherwise. Let 



be the probability of sending the same label to Alice and 
Bob. Then, the mutual information is given by the simple 
formula 

H(S,T : V) = H[P Ps(v) + (1 - P) Pv{v) } 
-PH[p s(v) ]- {I - P)H[p v(v) l 

where H\p] denotes the Shannon entropy of distribution 
p. It corresponds to a communication channel where one 
of two signals s = t and s ^ t are sent with probabili- 
ties P and 1 — P, and V is used to distinguish between 
them. Thus, the mutual information only depends on the 
probability P, and the maximum can easily be found nu- 
merically (see Fig(l))by using MATHEMATICA. 




P :=$>(*>*) 



FIG. 1: This is H{S,T : V) Vs P plot. The point A Si 
(0.593, 0.057) correspond to maximum mutual information 
i.e., measurement dependence capacity of the model; and the 
point B Si (0.25, 0.037) correspond to mutual information be- 
tween the variable V and (5, T) when p(s, t) is uniform. 



II. SIMULATION OF QUANTUM REFEREED 
STEERING GAME BY LOCC RESOURCES 

In quantum refereed steering game, a referee picks clas- 
sical induces s G S and t £ Tat random, and sends the 
orthogonal quantum states tt s G Ha to one party (say 
Alice) and sends quantum states u> G T~^B a ( m general 
non orthogonal) to Bob, without revealing the actual in- 
duces s and t though. As the states 7r s 's are orthogonal, 
it is required that dim{HA ) > £(<S), where C(S) denote 
the cardinality of the set S. Since Alice receives orthogo- 
nal states, it is possible for her to perfectly determine the 
classical index s. On the other hand if w''s are chosen 
from linearly dependent set then it is impossible for Bob 
to determine the classical index t. Now given the bipar- 
tite state pab shared between Alice and Bob, let us de- 
note the set of all joint quantum conditional probabilities 
by^(PAs) := {n(x,y\s,t) \ x G X; y G y>; s G S; t G T}, 
where x G X and y G y are classical results of Alice 
and Bob respectively that has to convey to the referee. 
/j,(x, y\s, t) is computed as: 



H(x, y\s, t) = Tr[(PX oA ® Q v BBo )(ir s Ao <E> P ab ® u& )] 



where P = (P% oA ;x e X 



y^ p x = i) g 

7W(A)^*) and Q ee (Q» ofl ; V € y\Y.l&Q%B = 

1) e M(SB ;y). By X(A;A'), we denote the convex 
set of all A-POVMs on A. 

By simulation of the correlations p(pab), we mean 
that Alice and Bob are not allowed to share the state 
Pab, but they have to reproduce the correlations in 
a given operational paradigm like LOSR or LOSSR or 
LOCC. Now if the state pab is steerable then according 
to the result of Cavalcanti et.al [1 - r >] we know that p(pab) 
cannot be simulated by LOSSR resources and therefore 
by LOSR resources. Interestingly if there allowed oper- 
ational paradigm is LOCC then they will be succeed in 
the simulation task. 



LOCC simulation protocol 

Step 1: Bob locally prepares the state pab in his 
laboratory and takes another particle described by the 
Hilbcrt space W B = Wa ■ 

Step 2: Receiving orthogonal quantum states 7r s 's 
from referee, Alice reveals the classical indices s by per- 
forming Von- Newman measurement in {7r s } s£ 5 basis. 

Step 3: Alice communicates her indices to Bob by 
using log 2 <£(<S) bits, where £(S) be the cardinality of the 
set S. 

Step 4: Receiving the information of Alice's index s, 
Bob prepares the system B' in the state tt s . 

Step 5: Receiving the quantum states o;*'s from ref- 
eree, Bob performs the required POVM P £ JA(AqA; X) 
and Q E A4(BB>o;y) and reproduces the joint condi- 



tional probability distributions n(x,y\s,t). 

Step 6: Bob communicates the result x to Alice by 
using log 2 <£(X) bits. 

Note that, if the condition of the simulation task de- 
mands that Alice and Bob have to just produce the cor- 
relations then the process ends at Step 5 and they will 
be succeed in the simulation task by means of one way 
communications. But it the condition of the task further 
demands that the outcomes x £ X and y £ y haves to 
be supply to referee by the respective parties, then they 
have to follow all the six steps and in this case they need 
both way communications. 

Of course, Bob has to have the resources to be able to 
prepare a suitable bipartite state pab that exhibits steer- 
ing. But this might be particularly relevant in a scenario 
where Alice and Bob want to pretend to be able to share 
such a state over long distances. In this scenario, they 
can reproduce the correlation by not sharing the state at 
all, but having Bob keeping it with him. Actually by the 
above clever means, they will be able to preserve suffi- 
cient entanglement shared between them. Thus following 
the above protocol all quantum referred steering correla- 
tions can be simulated in LOCC operational framework 
with bounded amount of classical communications. 
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